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^ , Abstract. Let C be a nilpotent orbit in g where G is a compact, 

simple group and g = Lie{G). It is known that O carries a unique 
G-invariant hyperKahler metric admitting a hyperKahler potential 
compatible with the Kirillov-Kostant-Souriau symplectic form. In 

r*^ , this work, the hyperKahler potential is explicitly calculated when 

O is of cohomogeneity three under the action of G. It is found that 
such a structure lies on a one-parameter family of hyperKahler 

rS^ ' metrics with G-invariant Kahler potentials if and only if g is sp(3), 

C^ , su(6), so (7), so (12) or 67 and otherwise is the unique G-invariant 

hyperKahler metric with G-invariant Kahler potential. 
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Os . 1. Introduction 

O I Let G be a compact connected semisimple Lie group with Lie algebra 

(^ I and let O be an adjoint nilpotent G -orbit in the complexified Lie 

■^ ■ algebra g*^ = g ® C. Then O carries a canonical G -invariant complex 

symplectic structure known as the Kirillov-Kostant-Souriau symplectic 
structure (see eg. [2]). Using an identification of O with a set of solu- 
J^ ■ tions of Nahm's equations, Kronheimer ^2 showed that O possesses a 

G-invariant hyperKahler metric. 

Recall that a Riemannian manifold (M, g) is hyperKahler if it admits 
'O I three endomorphisms /, J and K of the tangent bundle that satisfy the 

^ ■ relations of the quaternions (i.e. P = J^ = —1 and IJ = K = —JI), 

each preserved by the Levi-Civita connection and each turning g into a 
Hermitian metric. Necessarily, /, J, K are integrable so that {M,g,I) 
etc. are Kahler structures. As observed by Hitchin [TT], replacing the 
condition VJ = VJ = VK = with dujj = duj = duj^ = 0, the 
almost complex structures /, J and K are still integrable; the two- 
forms ujj = g{I-, ■) etc. are called Kahler forms. Note that if one fixes 
the complex structure /, then the non-degenerate and closed two-form 
LO = ujj + iuii is holomorphic with respect to /, so (M, /) carries a 
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complex symplectic structure defined by oo. Taking the 2n'th power of 
uj one gets a parallel section of the canonical bundle, revealing the well- 
known fact that hyperKahler metrics are Ricci-flat and Calabi-Yau. 

By considering the cotangent bundle T*CP(n), Calabi jHj gave the 
earliest non-trivial examples of hyperKahler metrics. Calabi's metric 
has symmetry group U{n+1) and the space T*CP{n) is via the complex 
moment map identified with an adjoint orbit in the semisimple Lie 
algebra gl{n + 1,C), and it is of cohomogeneity one under the action 
of SU{n + 1). Dancer & Swann |H] classified hyperKahler metrics in 
cohomogeneity one with respect to a compact simple Lie group on 
manifolds of dimension greater than four. There are two possibilities: 
the Calabi metric on T*CP{n) and nilpotent orbits of cohomogeneity 
one in complex simple Lie algebras. A feature of all of these metrics 
is that they admit an invariant Kahler potential. This aspect makes it 
natural to consider nilpotent orbits of a given cohomogeneity and with 
invariant hyperKahler metrics that admit Kahler potentials. 

A hyperKahler potential is a function that is simultaneously a Kahler 
potential of each complex structure compatible with the hyperKahler 
metric. By Swann [Tn| it is known that the hyperKahler structure 
of Kronheimer on a nilpotent orbit admits a G-invariant hyperKahler 
potential. In fact, it is the unique G-invariant hyperKahler potential 
on O, as shown by Brylinski [Sj. 

In this paper we study nilpotent orbits O of cohomogeneity three 
under the action of the compact group G. We restrict ourselves to the 
case when g is simple and consider G-invariant hyperKahler structures 
on O compatible with the Kirillov-Kostant-Souriau symplectic struc- 
ture, that admit a G-invariant Kahler potential. Expressing the metric 
in terms of the Killing form and the Lie bracket we explicitly find the 
unique G-invariant hyperKahler potential on each orbit. We show that 
this potential lies in a larger (one-dimensional) family of G-invariant 
hyperKahler metrics with G-invariant Kahler potential if and only if g 
is sp(3), su(6), so(7), so(12) or e^. 

For orbits of cohomogeneity two Kobak & Swann jT5| found similar 
results. 

It is essential that when G is not S0(7) each element of a nilpo- 
tent orbit of cohomogeneity three can be moved into a subalgebra of 
three commuting a-invariant copies of 5[(2,C), where a is the com- 
pact real structure. This feature is shown using an interesting relation 
with rank three Hermitian symmetric spaces and it allows one to de- 
scribe the geometry using representations of 51(2, C). On the other 
hand, the cohomogeneity three nilpotent orbit in 0/^2'^^ C so(7, C) 
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is special: for generic X G £'(322) the algebra generated by X and 
aX is all of 50 (7, C), so a separate direct approach has to be used. We 
find that there is only a one-dimensional family of hyperKahler metrics 
with Kahler potential. This is surprising for the following reason. It 
is known that C(3 2^) C so(7, C) has a one-to-one correspondence with 
the cohomogeneity-two nilpotent orbit in 0(2*) C so(8,C) that carries 
a one-parameter family of S0(8)-invariant hyperKahler metrics with 
S0(8)-invariant Kahler potential. Consequently, reducing the symme- 
try group from S0(8) to S0{7) give us no extra families even though 
the cohomogeneity changes from two to three. 

2. Geometry of Nilpotent Orbits 

In this section we review some known facts on nilpotent orbits and 
establish basic notation. We introduce the techniques used to compute 
cohomogeneities on nilpotent orbits and hopefully clarify the results 
given in Tables [2l and 01 via examples. 

2.1. Principal Orbits and Cohomogeneities. If G is a Lie group 
acting on some space M then two orbits G- x, G-y C M are said 
to have the same orbit type if the isotropy subgroups G^ and Gy are 
conjugate in G. If M is a manifold the following fundamental theorem 
shows the existence of a maximal orbit type. 

Theorem 2.1 (see |S1I1|)- Let M be a manifold admitting a differentiable 
action of a compact Lie group G. Suppose the orbit space M/G is con- 
nected. Then there exists a maximal orbit type (H). That is, H is 
conjugate to a subgroup of each isotropy group. The union M(jj) of the 
orbits of type (H) is open and dense in M and M^^^J G is connected. D 

An orbit of type (ff), with H as in Theorem 12. IL is called a princi- 
pal orbit and the cohomogeneity of the action of G on M is defined to 
be the codimension of a principal orbit. 

With G compact each point p E M has a slice. This is a submanifold 
S such that GS C M is open and there exists a G-equivariant isomor- 
phism of the G-spaces GS and G Xjj S, where H is the isotropy group 
Gp. Note in particular that if M is a vector space and G a compact 
Lie group then GS = GXjjW (cf. |3j), where W is the normal space of 
the tangent space Tp{G-p). This is of great importance to us because 
we thereby get the equality 

(2.1) cohomQ GS = cohomjjiy. 

Example 2.2. Let us use p. HI to compute the cohomogeneity of some 
group representations. We start off with a simple example. 
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(i) Let V" denote the [/(n)-module C" via the standard action and 
let {Cj} be the standard basis of V". The stabihzer in U{n) of e^ is 

H = U{n)^^ = {( 1 ) 1^ e [7(n - 1)} = U{n - 1). 

As an ff-module we now have T V = V = C © y~\ and in turn 
u(n) = M © 1/"-' © u{n - 1), where M, C are trivial modules. Thus, 
T,, {U{n) ■ ej ^ M © V"'' and we conclude that 

cohomu(„) V" = cohonijjM = 1. 

Since the unitary group acts transitively on the sphere, the above 
result should come as no surprise. Finding the cohomogeneity of the 
following representations is less trivial. 

(ii) Consider the U{n) module A^V" = spauc {e^ A e^ll ^ i < j ^ n} . 
The stabilizer of e^ A 62 is 

H= [/(n),^,,^ = {(^o^)\Ae SU{2),Be U{n - 2)} 
= SL/(2) X Uin-2). 

As an ff-module we have V" = S^V^ Q) V"^, giving us 

T,^^,^AV" = AV" = A' [S'V') © [S'V' © V"-') © A'V"-\ 
Moreover u(n) = u(2) © u(n - 2) © {S'V^ © V'""'), so that 
T^,.., iU{n) ■ {e, A e^)) = M © {S'V © V"-'). 
The cohomogeneity is now 

cohomy(„) AV" = cohom„ (A'M' © A'\/""') 
= 1 + cohomu(„_2) AV"""" 
n/2 n even 



(n - l)/2 n odd ' 

by induction. 

(iii) Consider the symmetric product S^V'^. The stabilizer in [/(3) of 
Ci V Ci is 

As H-modules we have V = C ® V\ S'V ^ C ® V ® S'V and 
u(3) = M © \/' © u(2), so that T^^^,^ (f/(3) ■ e^ V e J = M © V\ The 
cohomogeneity is thus 

cohomu(3) S^V^ = cohomn (M © S^V^) 

= 1 + cohomu(2) S V =3. 
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2.2. Adjoint Nilpotent Orbits. Letting a denote the conjugation 
map of g^ with respect to the compact real form g, the following defines 
a positive definite symmetric bilinear form on the real Lie algebra (g^)* 

(X, F) ^ (X, aF) , X,yG(gT, 

where (■, ■) is the negative of the Killing form. 

To ease notation we recursively define a multiple bracket [. . . ] on 

the Lie algebra (g*^, [■, ■]), 

|X,X,1 = [X„X,], 
[X,X, . . . XJ = [X„ |X, . . . XJ], X, G g^ 

Via the adjoint action each element A G g*^ generates a vector field 
^A on a nilpotent orbit O . This is given by ^^|jf = [AX]. When there is 
no danger of confusion, the subscript X will be suppressed throughout 
this paper. An important property of these vector fields is the identity 
Ka^sI = -iiABY As the tangent space of C at X is {[AX]] A ^^}, 
we see that the complex structure I is characterized by I^a = 6a- 

The nilpotent orbit O C g*^ is a complex submanifold with complex 
structure / which is inherited from the natural embedding. On O the 
Kirillov-Kostant-Souriau symplectic form is given by, 

nUiB)x = {lABlX). 

We say that a hyperKahler structure ((7, J, J, K) is compatible with 
(C, S, /) if it satisfies the equation T, = ujj + iuJk- 

The compact group acts naturally on the non-compact orbit O and 
we shall have a particular interest in the situation with three param- 
eters transverse to the action, that is when C is a nilpotent orbit of 
cohomogeneity three. However, we notice that 

Remark 2.3. If cohomGO = 1 then IR+ x G acts transitively on O. 

Orbits in classical Lie algebras are essentially determined by Jordan 
normal forms of elements in the standard representation, so they are 
specified by partitions. This characterization is not useful for orbits 
in exceptional Lie algebras, which are best described by a weighted 
Dynkin diagram (see [7]). 

2.3. Standard Triples. A set {H^X^Y} of nonzero elements in g*^ is 
called a standard triple if the following bracket relations hold, 

[HX\ = 2X, {HY\ = -2Y and [XY\ = H. 

Since the element if is a semisimple element of the Lie subalgebra 
spanned by {H,X,Y}, which in turn is isomorphic to the simple Lie 
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algebra 5[(2,C), it must be semisimple as an element of g*^. Similarly 
X, Y are nilpotent elements of 0*^. 

The Jacobson-Morozov theorem is of fundamental importance here 
because it provides access to the representation theory of 51(2, C); a 
detailed proof may be found in [Z|. 

Theorem (Jacobson-Morozov). Let g'^ be a semisimple Lie algebra. If 
X is a nonzero nilpotent element of Q , then X embeds into a standard 
triple {H,X,Y} of q"" . D 

Given a compact real form one may obtain a a-invariant s[(2, C)- 
subalgebra associated to a nilpotent orbit. 

Proposition 2.4 (Borel). Let O be a nilpotent orbit in 0^ and let a be 
the conjugation of a compact real form. Then O contains an element 
X such that {[X(aX)],X, aX} spans a Lie subalgebra isomorphic to 

5[(2,C). 

Proof. See Uni- □ 

2.4. The Closure Ordering. There exists a partial order on the set 
of nilpotent orbits in Q^ defined by C ^ O if and only if C C O. 
Notice that the boundary of any orbit is the union of orbits of smaller 
dimensions, 

(2.2) W =[j O. 

On the level of cohomogeneity it is a pleasure to note the following 
Theorem by Dancer and Swann IH). 

Theorem 2.5. Let G be a compact simple Lie group. If O^ and O2 
are nilpotent orbits with O^^ O2, then 

cohomg Oi < cohomg O2 . 

U 

Example 2.6. Any element X of the nilpotent orbit in s[(n, C) char- 
acterized by the Jordan normal form d = (3, 1""^) with n ^ 4 is SU{n)- 
conjugated to an element of the form 

' s A r \ 
t \ 

0000 j r,s,teR^ XeC. 

Consequently the cohomogeneity of O^ C sl{n, C) under the action of 
the compact group SU{n) is at most 5. Whenever n ^ 4, C^ is nei- 
ther minimal nor next-to-minimal (see Section l2^ . so by Theorem E 
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the cohomogeneity is 3,4 or 5. Evidently, for n = 4, the cohomoge- 
neity is no less than 5. But for n ^ 5 we need more information (see 
Example Emu). 

2.5. The Minimal Orbit. When g*^ is simple there is a unique nonzero 
minimal orbit O,,.;,, 7^ {0} with respect to the closure ordering (see [I]). 
In fact Cn,in corresponds to a highest root, so it is the orbit through a 
nonzero element in a highest root space. 

We label the orbits above the minimal orbit via 

Definition 2.7. (i) The minimal nilpotent orbit O^^^ is the unique 
nilpotent orbit characterized by (!?„,;„ :< O for any nonzero orbit O. 
The minimal orbit will also be referred to as the height one orbit. 

(ii) The height of a nilpotent orbit O ^ O^^^ is defined by induction. 
Let So be the set of nilpotent orbits O' ^ O for which there is no 
nilpotent orbit O" satisfying O' ^O" ^O. Let Oo e So be an orbit 
of minimal height n. Then the height oi O is n + 1. 

A a nilpotent orbit of height two will also be referred to as next-to- 
minimal. Notice that the Lie algebra may possess more than one next- 
to-minimal orbit, as well as orbits of height three. 

The minimal orbit is in fact the unique nilpotent orbit of cohomoge- 
neity one under the action of the compact group G. If a* is a highest 
root we get a highest root decomposition by 

Proposition 2.8. (i) As an sl{2,C)^# -module, the Lie algebra q^ de- 
composes as 

(2.3) g'=^s[(2,C)^#©f ©(S'®\/), 

where i"^ is the centralizer of si{2,C)^#, S^ = S^C^ is the fundamental 
5[(2,C)^# representation, and V is a trivial sl{2,C)^# -module and a 
non-trivial 'f' -module. 

(ii) Under the action of the compact group G the nilpotent orbit 0„,„ 
is of cohomogeneity one. 

Proof See Kobak and Swann [H]. D 

The compact homogeneous space W{G) = G/{SU{2)K) correspond- 
ing to a highest root decomposition, is a symmetric space with a quater- 
nionic Kahler structure, cf. jTHI. Such manifolds are known as Wolf 
spaces and are listed in Besse [21 p. 409]. 

Remark 2.9. Via ()2.3|) the complexification of the tangent space of 
W{G) is isomorphic to S^ © V, so 

(2.4) dime 1/ = i dim. Vr(G). 
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2.6. The Beauville Bundle. A useful approach to the computation 
of the cohomogeneity of a nilpotent orbit O is to consider the Beauville 
bundle N{0) [Ij. Af{0) is a vector bundle that contains an open orbit 
which is identified with O. Following Kobak & Swann jTH] we shall 
outline a procedure for finding cohomogeneities. 

Let O be a nilpotent orbit in the semisimple Lie algebra q^. Let a 
be the conjugation with respect to the compact real form g, and choose 
a standard triple {H, X,Y = —aX} of a real sl{2, C) subalgebra with 
X E O. By the representation theory of sl{2, C) the eigenvalues of 
ad„ are integers. For each j G N we let Q^ij) be the corresponding 
eigenspace of ad^ and set p = 0^^0 0*^(0 ^ind n = 0i^2 0^(O- Then p 
is a parabolic subalgebra, n is a nilpotent subalgebra and X E n. Let 
P be the corresponding parabolic subgroup P = {g E G \ Adg(p) = p}- 
This is a closed complex Lie subgroup of G with Lie algebra equal to 
p. In particular G /P is a homogeneous space. Clearly n is an ideal of 
p and there is a natural action of P on G x n, 

p ■ {g, N) ^ igp-\ Ad^N), p E P, g E G", A^ e n. 

The Beauville bundle N{0) is defined to be the vector bundle 



u{o) = a 



iC 



X, 



over Cf /P with fibre n. Letting vr denote the quotient map G*^ x n ^ 
M{0) we have the following equality of stabilizers, G^(^^^n) = Pat, N E n. 
If O denotes the G'^-orbit in Af{0) then 

O = (lyGl = (f/Gl^^^x) = O. 

That is, we have a G -equivariant isomorphism of the orbits O and (9, 
defined hy g ■ X ^^ g ■ 7r(e, X), g E G . 

Let t ^ Q he the subalgebra satisfying l^ = 3*^(0) and let IC C G 
be the connected Lie subgroup with Lie algebra t. Now G /P = G/K 
so AfiO) = G Xj^n. By Theorem 12.11 the union of the principal orbits 
in the G-space MiO) forms a dense set. Since O is an open subset, 
a principal orbit of the G-space O must be a principal orbit of the 
G-space N{0). Using the G-equivariant isomorphism we conclude 

(2.5) cohonigO = cohoniQ (9 = cohomQA/"((9) = cohonij^n. 

To find the cohomogeneity of n under the action of K, one merely has 
to use equation (12. 1|) . 

Example 2.10. We illustrate the Beauville bundle method by con- 
sidering the nilpotent orbit O in s{{n^ C) with Jordan normal form 
(3,1""^). For n ^ 4 this is an orbit of height three. We take the 
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obvious choice of a standard triple (see Section 13. Ij) and obtain a 

K = [/(!)+ X [/(!)_ X SU{n - 2) representation 

n = LlL'_ © L+LtS'C"-' © L+LZ'S'C"-'. 

Fixing the first circle action, the problem is reduced to finding the 
cohomogeneity of the K2 := U{l)SU{n — 2) representation 

n, := L'S'C"-' © L-'S'C"-\ 



Using the method described in Example 12.21 one finds that 

cohomsu(„) = 1 + cohomKj 1X3 = 3 + cohomsu(„_3) S'C""^ 

5 n = 4 
4 n ^ 5 ■ 

For n = 3, the orbit (3) is the regular orbit of s[(3, C). This is next-to- 
minimal and of cohomogeneity four (see ^). 

3. Orbits of Height Three 

By work of Dancer & Swann [H] all next-to-minimal orbits but one 
are of cohomogeneity two; the next-to-minimal orbit of sl(3, C) (the 
regular orbit) is of cohomogeneity four. In the view of Theorem 12.51 
the nilpotent orbits of cohomogeneity three, if any, must therefore be 
of height three in the partial order. So indeed the orbits of Table [l] are 
our candidates in the search for orbits of cohomogeneity three (recall 
that A, = D„B,= Q). 

3.1. Explicit Standard Triples. The way of finding the cohomoge- 
neity via the methods described in ^2.61 is based upon the Jacobson- 
Morozov Theorem. Proposition 12.41 ensures the existence of a real a- 
invariant sl{2, C) subalgebra associated to the nilpotent orbit O. In 
this section we shall explicitly list the elements X of a standard triple 
{[XF],X, F} with aX = —Y, associated to nilpotent orbits of height 
three in classical Lie algebra. 

Note that if q is an exceptional Lie algebra, the weighted Dynkin 
diagram provides the necessary information. 

The complex simple Lie algebras of type B(„_i)/2 and D„/2 can be 
realized as the set so(n, C) = {Z e Ql{n, C)\ZB + BZ' = 0} where B 
is a symmetric invertible matrix. The standard compact real form of 
so(n, C) is a: Z \-^ BZB = —Z\ The standard choice for B is the 
identity, but in this context we choose B differently. For orbits with 
Jordan normal form (2*^, l"~^^) -^e take 

'B„ 



("' ^-> /,._„ 
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Type Height three orbit Type Height three orbit 



A„ 




G, 


2^0 


n^A 


(3, r-') 


F, 


01^=00 


n>5 


(2', 1"-'') 


Er 



00100 


B„ 





200000 , 000010 


n = 2 
n ^ 3 


(5) 


Es 



0100000 


n ^ 6 


{2',1'"-'') 






a 






n>3 


(2^ 1'"-^') 






D„ 






n = 3 


(3^) 






n ^4 


^3^22^1^"-^) 






n^6 


{2', 1'"-'') 







Table 1. Orbits of height three in simple Lie algebras. 



where i?i2 is the (12 x 12) matrix with I's down the anti-diagonal and 
O's elsewhere. In this picture we let 

(3.2) X = diag((oi),(CJ),(oi),(OV),(0V),(OV),0„_,,). 

For the orbit in Bj with Jordan normal form (5), B is the (5 x 5) matrix 
with I's down the anti-diagonal, and our choice of X is 

(0 V2{l-i) 

-v^i 

V6J 

\/2(J-l) 

0' 

For the orbit with Jordan normal form (3^) in D3, B is the (6 x 6) 
matrix with with I's down the anti-diagonal, and 

(010 
001 
00-1 
000, 

When considering the orbit in B3 characterized by the Jordan type 
(3, 2^) we choose 



fi = /, and X 
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where v = (v^, 0, 0) and A = f o o i j . By adding trivial blocks, as 
in (13.11) and ()3.2|] . this is easily generalized to the orbits (3, 2^, 1""^) in 

For type A„ = sl{n + 1,C) there are two orbits to consider, charac- 
terized by the partitions (2'', 1""^) and (3, 1"'^). Suitable choices of X 
are evident, 




'0 10 

X= \ _ and X = ( [) [) 







respectively. These have the desired properties with respect to the 
standard compact real form a: Z \—>- —Z\ 

For type C„ = sp(n, C) there is one orbit to consider. We take 

^=(o o)' ^^*^ ^^(°°°o 

3.2. The Cohomogeneities. With the choices of the previous section 
we are able to find the centralizer t and representation n of §2.61 in each 
case. This leads to Tables [H & |H1 which exhaust the complete list of 
adjoint nilpotent orbits of cohomogeneity three in simple Lie algebras. 



3.3. Examples of Standard Forms. With two exceptions, a nilpo- 
tent orbit of cohomogeneity three lies in a classical Lie algebra. It is 
either described by the partition (2^, l*") when the Lie algebra is of type 
A or C, or by (2", l*") if the Lie algebra has type B or D. For these 
orbits, as the following examples show, it is fairly simple to 'diagona- 
lize' elements of n via the action of K. This in fact only involves the 
spectral theorem applied to Hermitian matrices. 

Example 3.1. Consider the following action of the unitary group 

U{n) X Sym{nX) ^ Sjm(n,C), 

i9,Z)^ g-Z := gZg\ 

Fix an element Z in Syin{n,'C). Then the Hermitian matrix ZZ has 
real non-negative eigenvalues /ii ^ . . . ^ /x„ ^ and is diagonalized by 
some g G U{n) via conjugation, 

g{ZZ)f = diag (/ii, ...,iJ,„) = D. 
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Type\Orbit 


t\n 


cohoiiiQ 


As 
(2«) 


M + su(3)„ + su(3), 
LEnd(C=') 


3 


A„ (n>5) 


M+ + su(3)„ + su(3), + M_ + 5u{i 
L+ End(C') 


^-5) 3 


K (">3) 

(3,r-') 


M+ + IR_ + su(n - 1) 


4 


B2 

(5) 




6 


B3 

(3, 2') 


M+ + E_ + su(2) 


3 


B„ (n>3) 


M+ + IR_+su(2)+so(n) 


4 


B„ (n>5) 


M + 5u(6) +so(2n- 11) 


3 


C3 


M + su(3) 


3 


C„ (n>3) 


M + su(3)+sp(n-3) 


3 




M+ + E_ + su(2) 

L1 + (L+ + L;^)L_5'C' 


5 


D„ (n>3) 

(3^2^^!--) 


M+ + IR_+su(2)+so(n) 


4 


C„ {«>5) 

/r)6 1 2ri— 12\ 


M + su(6)+so(2n- 12) 


3 



Table 2. Beauville-data of orbits of height three in classical 
Lie algebras, n is decomposed as a K-module, End(C^) is an 
SU'(3)„SU'(3)i,-module under the action {A,B)X ^ AXB-\ 



Define the symmetric matrix X = (x^J hy X = g ■ Z and observe that 
XX = D. Thus, 



^|a;,fc|' = /i, and ^x.^x^, =0 for i^j. 
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Type\Orbit 


t\n cohoniQ O 


G, 

2^0 


M + 5u(2) 6 
L + LS'C^ 


01^=00 


M + su(2)+su(3) 4 


Ee 



00100 


R + su(2)+su(3)„+6u(3), 4 
L='S'C' + L'End(C') 


Er 


200000 


R + eg 3 
LV^r 


Er 


000010 


R + su(2)+su(6) 4 


Es 


0100000 


M + 5u(2) + e6 4 



Table 3. Beauville-data of orbits of height three in excep- 
tional Lie algebras. Kst is a 27-dimensional irreducible Ee- 
module. 



Making use of the symmetry Xi^ = x^i it follows that 
(3.3) 

( _ \ _ X"^ I |2 __ V^ I \^ _l_ ( I P _ I P^ 

Pg v/^p h^q) / , QP \ Pj \ / J Vq I 9J I ~'~ l*^gp I Pq I "^pq |*^gp| / 





^qh ^kj I ^pj / ^ I / ^ 3;pj. Xj.j 1 Xg^- 



If the eigenvalues are all different, fi^ > ■ ■ ■ > fi„, this implies that 
X is diagonal. The general case follows immediately: let M be the 
dense subset of Sym{n, C) whose elements have different eigenvalues 
and find a sequence (XJ C M such that X^ -^ X . Then there exists 
elements g^ G U{n) such that gi (X^X^) ^* is diagonal. By compactness 
we may assume that gi ^ go E U{n). Then go (XX) ^o is diagonal 
with non-equal eigenvalues and ()3.3p implies that gg- X = (gog) ■ Z is 
diagonal. 

Example 3.2. In this example the symmetric matrices are replaced 
by skew-symmetric matrices, 

U{n) X A'C" -^ A'C", 

{9,Z)^ g-Z := gZg\ 
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Fix Z e so(n,C) = A'C" = {Z e 0[(n,C)|Z + Z* = 0} with n even 
(the case for n odd is similar). The eigenvalues of the Hermitian matrix 
ZZ are real and non-positive and there exists a (? G \]{n) with 

g{ZZ)f = diag {fl^, . . . , (1„) = D where ^ /ii ^ . . . ^ /i„. 

Put X = (7 ■ Z and assume X to have n different eigenvalues. Then X 
is diagonalizable and C" is the direct sum of eigenspaces for both of 
the commuting matrices X and X. As X is skew-symmetric it follows 
that Xv = —Xv whenever f is a A-eigenvector of X. Thus v and v 
are eigenvectors of XX corresponding to the same eigenvalue — |A|^. 
Consequently, 

(3.4) XX = diag(/ii,yUi,/i2,/i2,- • •,/^n/2,/^n/2) , jUi > " • " > /i„/2 • 

By a computation similar to (I3.3J1 one gets that 

x,^.(/i, -/ij = 0, 
so X = Qf^ ■ Z has the block-diagonal form 

(3.5) diag ((_:/?),...,( _,;_./v«)). 

Notice that the collection M of elements in so(n, C) with n different 
eigenvalues forms a dense subset of so(n, C). Thus, if X does not 
have n different eigenvalues we may find a sequence X, e M such that 
X, — > X. The previous argument implies that there exist h^ G U{n) 
such that h^ (X^X^) h^ has the form in ()3.4p and /i, ■ X is given by ()3.5|) 
for all i. Since U{n) is compact we may demand hi ^> h^ E U{n). Now 
(hf^g) ■ Z = ho ■ X is in the form given by (|3.5p . 

Example 3.3. Let A e M{n,C). The self-adjoint matrix a'a is di- 
agonalized by some q G S[/(n), q\A A)q = diag(Ai, . . . , A„) := D and 
A; ^ 0. The i'th column g^ of q is an eigenvector of A with eigenvalue A^. 
If we put Ui = X'^'^Aqi then u := {u^. . . u„) G U{n) and Aq = uyD. 
Thus any n x n matrix can be diagonalized by the action 

{U{n) X SU{n)) x M(n, C) -^ M{n,C), 
{{u,q),A) ^uAq. 
Notice that this is actually the singular value decomposition. 

4. Potentials for HyperKahler Metrics in 
cohomogeneity three 

In this chapter q^ is simple and C is a nilpotent orbit of cohomo- 
geneity three under the action of the compact group G. Our aim is 
to find G-invariant hyperKahler metrics with Kahler potential on the 
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complex symplectic manifold {O, I, S) where I is the natural complex 
structure and S is the Kirillov-Kostant-Souriau form. 

Recall that a hyperKdhler potential p: (9 — ^ M is a function that 
is a simultaneous Kahler potential for each of the complex structures, 
i.e. uij = —idjdjp etc. For our purposes it is convenient to note that 
idjdjp = \id{d — ild)p = ^dldp. In general, the existence of a global 
Kahler potential is a very delicate matter. Indeed a compact manifold 
admits no global Kahler potential. However, a local potential always 
exists (see eg. IH]). There is no direct analogue of this for hyperKah- 
ler potentials. Generally, even the existence of a local hyperKahler 
potential may not be possible, see Swann [19j. 

In this section we use the following abbreviation for the conjugation 
corresponding to the compact real form 



Z' = aZ, Z e 



c 



4.1. Kahler Potentials Depending on Three Invariants. Define 
three functions on the nilpotent orbit O 



r/,(X) = (X,X'), r],{X) = -{lXX%lXX'}) and 

v,{x) = -{ixxx'lix'xx'j), XeO, 



Observe that %{X) = r],{lXX']) and %{X) = r],{lXXX'l), thus 
Vi^Vi^Vi : O ^> M. are positive G-invariant functions. Assume that 
p : (9 -^ M is a G-invariant Kahler potential for (C,/). The fact that 
the group G acts with cohomogeneity three allows us to assume p to 
be a function of our three invariant functions: p = p (771,772,773). The 
Kahler form is the second derivative of p, so by differentiation one may 
find an explicit expression of Uj. To ease the notation let Z: q^ ^ q^ 
be the map 



ZX = {XX'X'X'Xj + IX' X' XXX'] + 2lX'XX'XX']. 



(4.1) 
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Lemma 4.1. The Kdhler form Uj defined by p is 
^li^A, ^b)x = 2 Pi Im (^^, ^b') 

-2p,Im{-2 {^^,lXXX'X'ai) +3 {UIXX'XX'^,'1) 
+ 3 {U IXX'X'X^,'}) + 3 {u ix'xxx'^.'j) 
- 12 {u ix'xx'x^,'}) + 3 {u ix'x'xxai)} 

+2p,Jm{{^^,X'){a,X)) 

-4p,Jm( iUX') (Cs', IXX'XI) + {U IX'XX'I) {^s,X)) 

+2p,3lm((G,X') (es',^X'> + {U2X) {^s',X)) 

+8p,Jm ((G, IX'XX'I) (e,', IXX'X])) 

-4p,3 Im( (G, IX'XX'I) (e,', ZX') 

+2p33lm((G,ZX)(e,',ZX'», 

for any G, G e r(TC) and X G C 

Proof We start by expressing tUj in terms of the derivatives of the 
invariant functions rj^, j = 1, 2, 3, 

—2ujj = didp 

= pi dldrjj + P2 (i/fiT^a + Ps dld% 

+ pii (ir^i A Idr]^ + P22 rf^^a A Mr],, + P33 ^773 A Id% 
(4 2) 

+ P12 (c^^i A Idr]2 + (ir^a A Id%) 

+ pi3 (rfr^i A Idr]s + ^773 A /rfr^J 
+ P23 ('^^2 A /(ir^s + d% A Irfr^a)- 

The next step is to determine all differentials drj^ and dldrj^, j = 1, 2, 3. 
However, only calculations involving 773 will be carried out in detail, 
the other cases being similar if not simpler. Let us write % = % o (p 
where is the endomorphism of g*^ defined by (p{Z) = [ZZZ'J, Z E q^. 
Differentiating and rj^ is easy, 

idv,),UZ) = (^,ix'x'xi) + (|xxx'l,z') , Zeg 

#(G)x = IG^X'] + |XGX'1 + |XXG'1. 
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A repeated use of the Jacobi identity and the ad-invariance of the 
Killing form give us the derivative of r^g 

dVsiUx = {U Iixx'ix'x'x] - ix'xx'x'xj + IX'X'XXX']) 
+ (e^', (XXX'X'Xj + ||X'X]XXX'] - ixx'xxx'i) 



2ReJ2{U2,X) 



j=i 



Here we have defined Z,X = (XX'X'X'X], Z^X = {X'X'XXX'j and 
Z,X = 2 [X'XX'XX']. Therefore Idr],{ij,)x = 2ImE, (G,^.^), of 
which we are now able to find the derivative. However, this is somewhat 
more demanding. First observe that 

(4.3) 

= UxiY ^ IdvsiiUv)) - Ux{Y ^ Idv.iiUy)) - IdV3ilUB}). 

s 

= 2lmJ2{Ux{Y^{lBYlZ^Y))-Ux{Y^{lAYlZ^Y)) 
-^ -ilXABlZ^X)}. 



Letting Xj denote the summands in (14.311 involving Z^ one finds that 

X, = 2 Im(e. , -U.X'X'X'Xj + m.'X'jXXX'] - UX^.'X'jXX'] 
+ iX'XXX'ai + IX'X'X'XU - UsX'X'X'Xj - IX^.'X'X'XJ 

- [XX'^.'X'Xj + ixx'x'x^,'} - ixx'x'x'U >• 

For reasons we shall explain later, it is desirable to place the ^^'s in the 
above formula to the far right. Although the calculations are lengthy 
when using the Jacobi identity, it is a straight forward exercise. One 
finds that 

Xi = 2 Im (G , 2 IXXX'X'^^'J - 6 fXX'XX'^^'j + 3 fXX'X'X^^'] 

- 3 IXX'X'X'^^J + 3 {X'XXX'^^'j + 6 {X'XX'X'^^j 

- 6 fX'X'XX'^^j + 3 IX'X'X'X^^] ). 

Similarly, the expressions for the remaining two summands are 

X, = 2 Im(e^ , -2 iXXX'X'ai + 4 (XX'XX'^,'} - 8 (X'XX'X^,'} 
+ [XX'X'X'U + ix'xxx'^j + IXX'X'X^,'] - IX'X'X'XU 
+ 2 {X'X'XX^s'j + 2 (X'X'XX'i^j - 2 {X'XX'X'^^j ) 
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and 

Xs = -4Im(G , 2 iXXX'X'ai - 4 {XX'XX'ai + SlX'XX'X^l 

- ixx'x'x'U - ix'xxx'ai - IXX'X'X^.'J - IX'X'X'XU 

- 2 {X'X'XX^s'j - 2 {X'X'XX'^gj + 2 {X'XX'X'^^j ). 

We are now in the position to write down the second derivative of % 
in a somewhat shortened form, 

dIdv.iU Ux = 12 Im( G , -f iXXX'X'ai - 4 {X'XX'X^,'} 

+lxx'x'XGl + [x'xxx'e.'l + ixx'xx'ai + ix'x'xxa] >. 

As already noted, the determination of drj^, dldri^, j = 1,2 represents 
a similar exercise, moreover it is already present i [E] 

dViiUx = 2Re(e^,X') , dIdr],i^^,Ux = -Um{^^,^^') , 

dv^iUx = -4 Re {U I^'^^'l) and 

dldrj^iC^, Ux = 8 Im (G, 2 [X'Xe.'l - [XX'^.l) . 

To finish, note that with ZX = ^j=i Z^X we have 

{dr]^Ald% + dr]3 A Id%){^A, ^b)^ 

= 4(Re {U X') Im (^b, ZX) - Re {U X') Im {U ZX) 

+ Re (G, ZX) Im (^„ X') - Re (^b, ^X) Im {U X')) 
= -4Im((G,X') (eB',2X'> + {UZX) {a.X)) , 

with similar expressions for the other summands of ()4.2p . Collecting 
the relevant formulae completes the proof. D 

Supposing g{-,) = ujj{I-,-) to be non-degenerate we may define an 
endomorphism J of the tangent bundle TO by 

(4.4) g{UU = ^eWUU 
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Lemma 4.2. The endomorphism J is given by 

+Ap, (2 iXX'Xa] - IX XX' a]) 
+2p,{-2 {XXXX'X'ai + 3 {XXX'XX'ai 
+ 3 {XXX'X'X^^'j + 3 IXX'X'XXG'I 
- 12 IXX'XX'X^^'I + 3 IXX'XXX'G'I ) 
(4.5) -2p,,(e/,X)|XXl 

+4p,, ((G',x> ixx'xxl + (e/, [XX'X]> [xx'D 

-2p,,{{a,X) lX{ZX)j + {a,ZX') [XX']) 

-8p,,{adXX'X])lXX'XX'l 

+4p,3 ((G', I^^'^l) lX{ZX)j + {a,2X') [XX'XX'l) 

-2p,,{a,ZX')lX{ZX)}, 

for any G, ^b e T{TO) and X eO. 

Proof. J is determined by the relation 

- Re {Jx^A, B) = iVjil^A, ^b)x- 

and the non-degeneracy of the form (-, ■). As I^a = i^Ai the right-hand 
side above equals the right-hand side of equation M.ljl with the slight 
modification of replacing 'Im' with 'Re' throughout. The result can 
now be read off equation p.ip . D 

Remark 4.3. Notice that J^a remains in the subalgebra generated by 

{X,X',A,A'}. 

4.2. Generic Cohomogeneity-Three Orbits. For any X & O, as- 
sume the Lie span of {X, X'} to be embedded into a a-invariant sub- 
algebra isomorphic to three copies of s[(2,C); we shall denote such an 
algebra by 5[(2,C)'. 

Remark 4.4. The majority of cohomogeneity-three orbits satisfy the 
above assumption, and as such will be referred to as generic cohomo- 
geneity three orbits. In fact it shall become clear that so(7, C) posses 
the only special cohomogeneity three orbit (see § 14. 2. 4^ . The orbits of 
cohomogeneity three are listed in Table IH 

The (T-invariance of sl(2, C) tell us that the restriction a := a\ 3 

is a compact real form of s[(2, C) , so the +1 eigenspace of a is isomor- 
phic to three copies of su(2), 

(5[(2, C)')* = su(2)+ © su(2)o © su(2)_. 
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Generic Special 



Type 


Orbit 


Type 
B3 


Orbit 


A„ 


^26^ l'-«) 

(23^ ^2n-6) 


200000 


(3,2^) 


■t'(„-l)/2) J^n/2 

a 

E, 







Table 4. Orbits of cohomogeneity three in simple Lie alge- 
bras 



Let s[(2, C)^ denote the complexfication of su(2)^, where S refers to any 
of the three subscripts {+, 0, — }. Thus 

X G s[(2, C)' = si{2, C)+ © sl{2, C)o © sl{2, C)_ C g^ 

We write X = X^+Xf,+X_, X^ G sl{2, C)^ and assume X to be generic 
(i.e. each X^ is nonzero). Notice that Or\sl{2, C)g is the minimal orbit 
of sl(2, C)^ and is of cohomogeneity one under the action of SU{2)s. It 
follows from Remark 12.31 that 



(4.6) Z,,, = aX+ + 6Xo + cX_ gC 

for all a,b,c G M+. The element Z = aX^ + bXg is the limit of ()4.6p 
as c approaches zero so it lies in the closure of O. Considered as 
endomorphisms of sl{2, C) the rank of ad^j is obviously strictly less 
than the rank of a.dz^^^, since the three subalgebras commute. On 
the other hand, the orthogonal complement of sl{2, C) is invariant 
under the adjoint action of sl{2, C) . Since Z^,,^ is an element of O the 
rank the of ad^^^^ equals the constant rank of ad^ on sl{2, C) and its 
orthogonal complement for all a,b,c G M+. By continuity the rank of 
ad^ cannot exceed the rank of ad^^^^ on the orthogonal complement. 
Taken together, Z cannot be an element of O, and via ()2.2p therefore 
lies in an orbit of height 2 or 1. Repeating this argument we find that 
Xs lies in the minimal orbit of q^ and is conjugate to a highest root 
vector. 

Expressing everything in terms of G-invariant objects, we may re- 
strict our attention to points of the form 

(4.7) X = X+ + X, + X_ = sE+ + rE, + tE_, 

where s,r,t > and each Eg is a highest root vector in g^. Choose Eg 
—Eg' , Hg = [EgEgJ, so that {Hg, Eg, Eg} is a standard basis of sl(2, 
Let {■ ,-)g denote the negative of the Killing form of sl{2,C)g. By 
Schur's Lemma we have (■ , •) \^t(^2,c) = ^l {' ■, ')si where the constant k'^ is 



s — 
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strictly positive because su{2)g C Q. The algebras sl{2, C)^ correspond 
each to a highest root in the same semisimple Lie algebra, so they are 
conjugate by the Weyl group and we have k] = k^ . 
Our three G-invariant functions on O are given by 



2'^'e{s'' + r'' + f') 



1,2,3. 



Let us use the abbreviations p^ = dp 18% and p„ = dp/du, where 
i is one of 1,2,3 and u ranges in {r,s,t}. Then the derivative dp = 
Pid% + P2drj2 + P3<i^3 gives rise to the following system of equations 



(4.8) 




's As' 12s' 

8A;' I r 4r' 12r' 

t 4f 12f 




Remark 4.5. The constant k^ only depends on the Lie algebra 0^. If 
we consider the highest root decomposition 

q" =s{{2X)+®f®Sl®V^, 

we notice that (E+, E^') = 4 + dime V+. On the other hand (E+, E+') = 
k^ {E^, -E+')_|_ = 4:k^, so one may use equation ()2.4p to find the value of 

k\ 



Type 


-^ny ^n 


B,„. 


-l)/2) J^n/2 


G, 


F, 


E, 


By 


Es 


k' 


n+1 
2 




n-2 
2 


2 


9 

2 


6 


9 


15 



Table 5. The constant k . 



4.2.1. The Regular Orbit o/sl(2,C) . The possible choices for p are 
narrowed by imposing the endomorphism J in ()4.4|1 to be an almost 
complex structure. For the moment we restrict our attention to the 
subalgebra sl{2, C) , and in fact we are considering the regular orbit 
O^^g = 0+ X Oo X 0_ of s[(2,C)^ where Og is the nonzero nilpotent 
orbit in sl(2,C)^. By Remark l4.3| J is indeed an endomorphism of 
s[(2,C)'. Let A e 5[(2,C)' and put ^ = {AX,}. In Lemma 10 we 
expressed the Kahler form Uj in terms of the functions rj^, i = 1,2,3. 
We now use the functions rjg defined by 



Vs 



r],{Xs) = k'{Xg,Xs')^ 



1 1 



where si is short for s[(2, C). Notice that ^+ = 4 k^s^ etc. 
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The Kahler form can be written as 
^/(G,G)x = 2A;'lm{ 

p+ {C f^^s>„ + Po {Ca, (^0,t + P- (G, ^G>,[ 

+ p^,k' {{Ca, x/>^, (a^L Xo>^, + (e° , x;>^, (a^^, x^> J 

+ Pook^ {C X(.'>„ {(^^l, Xo>„ 

where p++ = dp+/drj+, etc. The endomorphism J is given by 

J^iiX) = -2p4X+ae:i - 2 A;^ (^e:,X+>, (P++ I^+X/l 

+ p^o |x„x;] + p^_ ix_x_'\) 

and similarly for ^^, ^^. Evaluating at H^ and i?+ we find that JxH+ = 

—4 s p+ i?+ and 

Jx-E+ = 2 s (p+ + 7]+ P++) H+ + 2r]+ s"' (r^ p+o -f^o + tV+- -f^-) • 

If J' is to be -1, then the s[(2,C)o © sl(2, C)_-component of the fol- 
lowing must vanish, 

(4.9) 
JxH+ = -8 s' p+ (p+ + r7+ P++) iJ+ - 8 p+ ?7+ (r'p+o ^o + t' p+_ i/_) . 

Thus = 2p+p+o = d{p+)/drjQ, so p+o = 0, and similarly p+_ = We 
conclude that J^ = — 1 on 5[(2, C) if and only if p+o = p+_ = po_ = 0, 
in which case each of the sl(2, C)-summands is preserved. 
Consequently, the condition J^ = — 1 is equivalent to 

k^ = 2r]s ps {ps + r]s p^) = -— (r^, p,)' 

oils 

for each value of 6. Hence, 

2 / 7 2 , '^(5 \ / 2 



(4.10) p^ = (^A;^ ^, + ^ J /77,^ 

for some constant Cg. We demand that c^ ^ in order for ps to be 
defined for all Xg. Notice that in terms of the parameter s, we get 

(4.11) p' = 16A;' + c+//, 
and similarly for p^ and p^. 
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Remark 4.6. If we had considered the case g*^ = s[(2, C) with inner 
product k^ {■ , ■) and used the methods described in Section ini with one 
invariant function, r] = rj^, then the potential of the nonzero nilpotent 
orbit in 5[(2, C) would have been given by equation ()4.1()|] and the 
corresponding metric would have looked like 

(4.12) 



pRe(,(5.,«.'>-f|^(«..-f')(?.'.-f>)- 



V4 /c' ?7 + c 7]^ 

Moreover, the potential is a hyperKahler potential if and only if q = 
(see Uni). 

Proposition 4.7. An SU{2Y -invariant hyperKahler structure of the 
principal orbit o/s[(2,C) that admits a Kdhler potential and has the 
Kirillov-Kostant-Souriau complex symplectic form, is a product ofSU{2)- 
invariant structures (given in 1)4.12^ ) on each factor. D 

4.2.2. Other Lie Algebras. Recall that we are considering a nilpotent 
orbit O <Z Q^ such that X G O is decomposed via equation ()4.7|) . 
In ^4.2.1l we described the action of J on tangent vectors ^^ G s[(2, C) 
and found that the potential must satisfy equation ()4.1H) for J to be 
almost complex. To get a complete picture we need to consider the case 
when ^A lies in the Killing-orthogonal complement of s[(2, C) . Addi- 
tional obstructions in choosing p may emerge this way. As discussed 
in Section 12.31 X^ is a nilpotent element of g*^ and via (J2.2J1 lie in the 
minimal orbit of g^. By Proposition 12.81 we have a Killing-orthogonal 
decomposition corresponding to a highest root, 

(4.13) q"" ^ sl{2X),®f^ ® {Si ®V,). 

Recall that V. is a non-trivial 6x-module and that 6^ is the centralizer 



5 



of s[(2,C),. Note that 5l(2,C)_ C f+, so, as an s[(2, C)„-module, V+ 
may consist of trivial and fundamental s[(2, C) .-modules; similarly for 
5[(2, C)o. As we will see below, it suffices to consider the following two 
situations: 

(i) Assume the existence of a trivial 5[(2, C),, © s[(2, C)_-module C in 
V+. Choose the dimension r to be maximal, so that the real structure 
a preserves the module SX ® 'C . We now describe the action of a. 
Using the identification S\ ® C = S-^ Q) . ■ . Q) S^, S^ = Si, let an, be 
the component of a that sends S^ to S^. Note that j o cr (j g EI = 5"+) 
commutes with the sl(2, C)-action and by Schur's Lemma is a scalar, 
hence 0"^^. = /iikj, Pit G C Since a is an involution, {p.k) {f^'ikY = —1 
and C admits a quaternionic structure, j : e^ i-h> YH^if^tt:^*:- Thus a 
acts on (S^ ® C as j ® j. 
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To determine J on the module SX®'C we choose a basis on which E^ 
acts as ( Q Q ). In this picture any tangent vector ^^ = \-^X\ & SX^C 
has the form (J ®w. We now see the convenience of the positions of 
'^a' in ()4.5jl . We immediately get 

J^G = -2s (p, +4/p2 + I2SV3) (?) ® ju' = -Ak'p^{\)®]w. 

Hence, as an endomorphism oi S\®W , J^ is —1 if and only if p^ = 16A;*. 
Comparing with equation (I4.11J) we now know that c+ = if V^ has a 
trivial sl(2, C)^ © 51(2, C)_-module. 

(ii) Next, consider the case of a tangent vector ^^ lying in a sl(2, C) - 
module SX ® S^_. This is a submodule of q^ contained in the Killing 
orthogonal complement of s[(2, C) . It is convenient to choose a basis 
such that E^ acts on 5"^ as (qq) and cr = j ® j- In other words, X 

ctCXS 9jS 

(4.14) s(oi)®Id+tId®(oi). 

We choose two independent vectors that span the image of adx 

e. = (J)®(J) and e. = ^(^)®(?)+i(?)®(^). 

Now if A G 5*+ (S> 5'i then GU = [^-^1 is in the span of ^1 and ^2 and 
using ()4.14p the action of X and X' on these vectors is easily found to 
be 

lXej=0, lX'ej=e/, lXQ=2st^,, iX'e.l = - (/ + t^) e/. 

Using (j4.5|) we immediately get 

J^e, = -2 (p, + Ap, {s' + f) + 12 p, (/ + sY + f)) i, 
Jx^2 = 2 (pi (s^ + t') +4p2 (/ + t^) + 12 p3 {s' + f)) ^1, 

which via (|4.8jl may be expressed as 



Hence, 



22 J.2 2 

.2. ^ S p,-t p, 

^' 16 k''{s'-tT' 



and via (I4.11J) we see that jMs — 1 on the module S'+ ® 5'i if and only 
if c+ = c_. 

With these two considerations at hand we are ready to draw the 
conclusions. By Table IH there are four orbits to consider: (2^, 1""*^) in 

s[(n,C), {2\r-'') in 5o(n,C), (2', l'""') in sp(n,C) and 200000 in e?. 
We thus need to decompose V+ under the action of s[(2, C)o©s[(2, C)_ 
when G is a classical Lie group or the exceptional Lie Group E7. These 



-6 

n-12^ 
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representations can be found in 111], and are is listed in Table El for 
convenience. Notice that in the case G = SO{n) the centralizer is 
6+ = 5[(2,C) ©so(n — 4,C), and a priori there are two choices of 
s[(2,C)„ ©5t(2,C)_ C f. One consists in taking s[(2,C)o = s[(2,C) 
and s[(2,C)_ C so(n-4,C) and the other sl{2,C)^ ©s[(2,C)_ C 
so{n — 4, C). However, the first one is not an option because it would 
allow the appearance of copy of 5+ 5*0 © S]_ and Jordan normal form 
would therefore be incorrect. We conclude that g^ always contains 

G tl V+ 

Sp{n) (n ^ 3) sp{n-l, C) S'^ © 5i © C'"'' 

SU{n){n^6) C©sl(n-2,C) S'o' © 5i © C"" " 

S0H(n^l2) sl(2,C)©so(n-4,C) C® (SI® St® I 

E, 50(12, C) C^ © {SI © St 

Table 6. The centralizer 6^ for classical groups and E7. 
The module V+ is decomposed under the action of s[(2, C)^ ® 
s[(2,C)_. 



copies of 5*+ © 5*0 and Si® St, that copies of 5"+ © 5*0 © St never occur, 
and that V+ contains a trivial s[(2,C)o © sl(2, C)_-module unless q is 
one of sp(3), su(6), so(12) or t^. In particular the constants q of the 
potential coincide, 

C .^ C^ ^ Cq ^ c_, 

and if V+ does not have a trivial summand we get a one-parameter 
family of hyperKahler metrics with Kahler potential. Alternatively 
the constant c must be zero and we get a unique potential. 

4.2.3. An Explicit Potential. If c+ = Cq = c_ = the potential is p = 
4k^ {s + t + r) up to addition of some constant. This can be expressed 
in terms of rji, 772 and 773. To make the notation less cumbersome we 
introduce the functions 

~ li 2i , 2i , i2i • -100 

^« = ^^:t^ = ^ +s +t , ^ = 1,2,3. 
Moreover we put 

« = ^Vt - ^1% + 2r73, p = 90"" -5f]'t + 9%%, 



'?/' = /3^ + 2 (r^i — 3 %) and 



2^(/3+V^)'+2r/, 



(/? + v¥) 
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The potential is now given by 

(4.15) p = ^=_fy^ + 

This was obtained by noticing that A = -^ = r + s + tisa solution of 
the equation 

4.2.4. Relation with Hermitian Symmetric Spaces. Recall that we la- 
belled the nilpotent orbits of cohomogeneity three according to whether 
or not the Lie span {X, X'} lies in a a-invariant sl(2,C) -subalgebra 
for an arbitrary element X. It will be shown in § 14.31 that the or- 
bit (3,2^) in 5o(7, C) does not meet the requirement to be a generic 
cohomogeneity-three orbit. As for the remaining orbits in Table El we 
use an interesting relation with Hermitian symmetric spaces to confirm 
the generic cohomogeneity-three property. 

Remark 4.8. It is only the orbit in E^ that calls for these considerations. 
In fact, the discussion in S I3.3l covers any cohomogeneity-three nilpotent 
orbit in a classical Lie algebra different from so (7, C). 

Let r C 0^ be a real semisimple Lie algebra with Cartan decomposi- 
tion t = t + p and corresponding Cartan involution 9. That is 1^ = r", 
p = r"" are such that 

(4.16) met, ppJCp, IppJCt 

and t + ip is a compact real form of x^ = g^. In particular we choose 
r such that 6 + ip = g so that a becomes the conjugation map of r*^ 
with respect to t + ip. Let R C G be the connected Lie group with 
Lie algebra r. Then K is a Lie subgroup of R with Lie algebra 6 and, 
provided the center of R is finite, the homogeneous space R/K is a 
Riemannian symmetric space (of non-compact type). 

Definition 4.9. A pair (r, Hq) consisting of a real semisimple Lie al- 
gebra r with Cartan decomposition r = 6 + p and an element Ho in 
the center Z{t) of i. such that the restriction of ad^^^ to p is a complex 
structure, is called a semisimple Lie algebra of Hermitian type. 



Notice, if such an element Hq exists then J = ad^g clearly induces a 
K-invariant almost complex structure on R/K. On the other hand, if 
R/K is Hermitian it follows that r is of Hermitian type (see eg. [121 CHI)- 

For the rest of this section we assume (r, H^) to be of Hermitian 
type; consequently g^ is no longer random among the complex simple 
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Lie algebras. With the assignment Jq = ad^ |p the complexified Lie 
algebra decomposes as r*^ = t^ + p^ +P~, where p* is the ±i eigenspace 
of Jo and p" = p"^. From P?TH|l it follows that 

pVi = p±, ipVlcf, [pV1 = o. 

So p^ are in fact abelian subalgebras of r*^. Let P) be a maximal abelian 
subalgebra of t, and notice that H^ G Z{t) C I). Since JqZ ^ for 
nonzero 2^ G p, the centralizer of H^ in r equals \. Thus [) is a maximal 
abelian subalgebra of r and, because the elements of f)^ are semisimple, 
\f is a Cartan subalgebra of r*^. Let $ denote the root system of r*^ 
relative to \f . Let moreover $" stand for the set of all compact roots, 
and ^^ denote positive/negative non-compact roots, respectively. In 
other words $ = $" U $+ U $" with 

iij\ Jo a G $' 
"^^°) = I ±z a G <l>± • 

We then have p* = X^^e** ^^ where r^ is the root space of r*^ corre- 
sponding to a G $, and one finds that Z lies in r'l^ whenever Z lies in 
r^. Using that p^ is abelian it is easy to show that (see [12]) 

Lemma 4.10. Let x be a semisimple Lie algebra of hermitian type with 
Cartan decomposition x = ^^ + p, and let \) ^ t be a Cartan subalgebra 
of X. Then there exist r G N and r linearly independent positive non- 
compact roots /3i, . . . , /3^ relative to \f such that Pj±Pk is not a root for 
any j ^ k and a = X]j=i *^(-^j + -^j) is a maximal abelian subalgebra of 
p (Ej is a nonzero jS^-root vector). D 

Remark 4.11. The dimension of a maximal abelian subalgebra of p is 
called the real rank of r. 

In the above Lemma we may in fact choose E^ such that [EjE^E^^ = 
—2Ej. Seeing that E/ = —E^ we obtain a a-invariant subalgebra 
isomorphic to sl{2, C) via the complex span of [E^, E^, fi^^i^J}. Thus 
o*^ is a (T-invariant subalgebra consisting of r copies of s[(2, C) where r is 
the real rank of r. It is a fact that any two maximal abelian subalgebras 
of p are Ad-conjugate by an element k E K. Hence 



(4.17) p=|jAd,(a) 



feSK 



and by the action of K any element of p^ can be moved into a a- 
invariant s[(2, C)'^-subalgebra. 

It turns out that the restricted root system of x (relative to a) is of 
type BC^ or C^ (see eg. [THl p. HO]). The only system that arises in 
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our context is C^ (see Table Ej); it is given by 

(4.18) {±C ± e. , ±2C| 1 ^ J, fc ^ ^ , jV k}, 

where {^^ 1 1 ^ j ^ r} is the dual basis of {X^ = E^ + Ej\l ^ j ^r^ . 
Consider the j'th 51(2, C) subalgebra of a^ and decompose 0*^ under the 
action of this subalgebra. If this is a highest root decomposition, 

0^ = s[(2, C),. © f, ® [S] ® \/.) . 



we see via 



(PTTSll that 



(4.19) v,^C'®i^Sl\, 

\ k^q J 

where z/ ^ 1 is the dimension of the root space corresponding to the 
restricted root ±^^ ± ^k. 



_ c 
tC 



su(3,3) C3[(6,C) M©su(3)©su(3) 
5p(3,M) Csp(3,C) M©su(3) 
so*(12) cso(12,C) M©5u(6) 
e7(_25) C e^ M©e6 

Table 7. Selected simple Lie algebras of Hermitian type of 
real rank 3. 



We are now in position to verify Table |31 First, let r be one of the 
Hermitian symmetric Lie algebras of Table [2| and keep in mind the 
Beauville-data in Tables El & El of the nilpotent orbit O of cohomoge- 
neity three in the corresponding complexified Lie algebra. It is then 
evident that the K-module n equals p"*" (or p"). Since any element X 
of O can be moved into n by the action of G we conclude via ()4.17|) 
that X can be put into a sl(2, C) -subalgebra. Thus C is a generic 
cohomogeneity three orbit. In addition, since X may be decomposed 
as in ()4.7|) , the isomorphism ()4.19|1 gives another argument for the exis- 
tence of the one-parameter family of hyperKahler metrics with Kahler 
potentials. Second, let g be one of the Lie algebras sp(3 + i), su(6 + i), 
so{12 + i) with z ^ 1. A look at Tables |2l & (31 reveals that, in spite 
of the growth of K as i increases, the action of K on n is independent 
of i ^ 0. In other words, moving an element of n via the action of K 
reduces to the situation where i = 0. But this is already accounted for 
by the appearance of a Lie algebra of Hermitian type. This covers all 
the orbits in Table |31 
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4.3. The Special Cohomogeneity Three Orbit. Recall that so(7, C) 
possesses one nilpotent orbit O = (3, 2^) of cohomogeneity three. Un- 
fortunately this orbit behaves differently from the ones of § 14.21 In 
fact for a typical element X & O, X and X' span the whole ambient 
Lie algebra so(7, C) (see [2n])- Thus there is no alternative left than 
computing the endomorphism J on all of so(7, C). For this task we use 
Mathematica to derive equations (|4.2H) . ()4.22a|) and (j4.22b|) below. 
The complete computations are collected in a notebook file [201 . In 
principle, these equations are computable by hand as well, using ()4.5p 
and KM. 



Via the action of the compact group G = S0{7) it is possible to 
move any element X of C into the subspace n. However, this can be 
improved. The weighted Dynkin diagram of O is lO^^l so there is 
a basis {a,/3,7} of simple positive roots such that ad^ acts on g^, g^ 
and Q?^ with eigenvalues 1, and 1 respectively. The eigenspaces of ad^ 
with eigenvalues larger than one are 0*^(2) = 0!;+^+^ © 0^^+27 and 0*^(3) = 
Ql+f3+2^ © Ql+2f3+2^- The zero-eigenspace is 0'^(O) = C+ © C_ ©s[(2,C) 
so K = U{1)+U{1)_SU{1) and one finds that 0*^(2) = L+ + L'i and 
0*^(3) = L^L_S^'C^ as a K-module. Thus, fixing nonzero root vectors 
Ea G 0!; etc., the action of K C G allows us to write a generic element 
as X = r -E^+^+^ + s Efs+2^ + t -E^+^+a-y with r,s,t> 0. 

We choose to describe 50 (7, C) as the set of complex (n x n) matrices 
Z such that ZB + ZB' = where 



B 



The diagonal elements form the Cartan subalgebra and the compact 
real form is a : Z t^ ~Z\ For each positive root the root vector 
E^ is chosen such that {H^, E^, F^} is a standard basis of 51(2, C) with 
H^ = lE^F^l, F^ = —Ej. Explicitly, X takes the matrix form 




X 



/ 000 V2r \ 

' -V2r to' 

~t s 

-s 



\ 0000 00/ 

^ 000 00' 



The three invariant functions evaluated at X are 

(4.20) 

7],{X) = 10 (2r' + s' + f), 7],{X) = 20 (2r' + Ar'f+ {s' + ff) 
and 7],{X) = A0 hr' + 9r'f + 6r' t' {s' + f) + (s' + t')') • 
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Our aim is to use ()4.5|1 to compute the endomorphism J^+1 on a basis 
of the tangent space at X and then impose J to be almost complex. 
The complex dimension of O is 12 therefore the condition J^ + 1 = 
implies 144 new equations. A minority of these are nontrivial, and in 
particular one finds that the Kahler potential p = p{r, s, t) must solve 
the following system of equations, 

(4.21) 

Ps Prs + Pt Prt = Ps Pst + Pt Ptt = Pr Prs +^Pt P st = Pr Prt +^PtPu=^ 

and 

(4.22a) t(lOO-p:) =(rp,, + spjA 

(4.22b) t{rp^-s p J = (4 r' - /) p,. 

Consequently, pi + pt is a function of s and p^ + 4 p^ is a function or 
r. A combination of ()4.22a|l and ()4.22bj) gives an equation involving 
quadratic terms of the first derivatives 

(4.23) s' [pi + pl- 100) = r' [pi + 4 p? - 400) . 

Notice that the left hand side of ()4.23p is a function or s, whereas the 
right is a function of r, so both must be constant. Thus 

(4.24a) pl + pl = 100 (l + ^) , 

(4.24b) pi + 4p^ = 100 (4 + 4) 

for some constant c. 

Eliminating p^ and p, from the equations (I4.22af . (|4.22bjl and (I4.24a| . 
we obtain a quadratic equation in p^, 



2 „2 

4 



4 2// 2 2 2\ \ 2 (4r' + s' + t') - 16r's 
50 e = e{ (4 t' + s' + e) + 2 c) p? - ^ ^ p 



In order for p] to be real for all r^s^t one needs that c ^ 0. Solving for 
Pt leads to 

(4.25) 

50 1' n-r-2 7T-2 ^-^^ 2 {^r' + s' + f) 

e\/Ar^ s^ + c (4r" + s' + t') + c' + c + ^ ' 



p? - V -■-.-.-.-. w . - . - . 2 

where x = il and e = ±1. Integrating, we find that O carries a 
one-parameter family of hyperKahler metrics with Kahler potentials, 

(4.26) 

p{r, s, t; c) =10 X (\/4.r^ + s'^ + t'^ + 2h{r,s,t) + /(r, s) 

- v^ log {h{r, s, t) + v^ V4r2 + s2 + t2 + 2/t(r,s,t))) 
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where 

/i(r, s,t)=c + e ^4r2s2 + (4r2 + s2 + t2) c + c^ 

and /(r, s) is a function to be determined. The choice of the positive 
solution (x = 1) forces one to take e = 1, since p should be everywhere 
differentiable. 

To find / one may write the right hand side of (I4.26|l as X(r, s, t) + 
f{r,s) so that /^ = limt_^o (p^ —X,). The derivative p^ can be found 
using the equations ()4.24ap and ()4.25|1 . It turns out that 

/(r, s) = y/c\og{rs) 

up to addition of some constant. 

For c = the solution simplifies somewhat, 



(4.27) p{r, s,t;0) = 10^ {2r + s)+t\ 

Let us introduce a new invariant function on O, 



(JZ) = - 7]AZ^) = - {Z\ aZ") = Tr ZZZ'Z\ Z eO 

5 5 

which is non-trivial since O consists of 3-step nilpotent elements. Eval- 
uated at X we get that Cai^) = 4?"*. It is convenient to define Qi^) = 

ri^{Z)/5, J = 1,2; notice that C{Z) = Tr Z'W and C{Z) = Tr|ZZ^f . 
Now ()4.27jl can be written as 



(4.28) p = 5 v^ VCi + 2 v^ + 2v/Ci'-C2-2C3, 



This is the unique hyperKahler potential, because for A G C it is ob- 
vious that ^(-^-2^) = l'^I^Ci(-2^) cind (2(^2) = |A|''C2(^), i = 2,3 so 
p{XZ) = \X\p{Z) (see ^). 

In fact it is possible to write down the one-parameter family of Kahler 
potentials in terms of the globally defined G-invariant functions Ci, C2 
and Cs, 
(4.29) 



P = ^ VCi + 2VC3 + 4/i-V2clog 



v^r I v/cf-c-2C3 




h + f,\/Ci + 2^G + ^h 



= c + w ^ ia - c - 2 C3) + c Qc + v^) + c\ 

Remark 4.12. Using hyperKahler quotients Kobak & Swann [121 found 
the invariant hyperKahler potential for the hyperKahler structure on 
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the nilpotent orbit (C(3 22), S) C so{n, C). The expression given in jT 
matches what we found in (I4.28|) . 



Remark 4.13. Kobak & Swann showed in ^j the existence of a one-to- 
one correspondence between the nilpotent orbits C(24) C so(8,C) and 
0(3 22) C so(7, C). The nilpotent orbit 0(2*) C so(8,C) is of cohomoge- 
neity two and admits a one-parameter family of S0(8)-invariant hyper- 
Kahler metrics with S0(8)-invariant Kahler potentials which includes 
the unique hyperKahler potential (see ^H]). Reducing the symmetry 
group to S0{7) the above shows that there are no extra solutions, even 
though the cohomogeneity changes to three. 

4.4. The Main Theorem. In § 14.21 and § 14.31 we considered hyper- 
Kahler metrics with Kahler potential on all nilpotent orbits of coho- 
mogeneity three under the action of the compact group G. We proved 
that the majority of orbits allowed only one such metric. Exceptions 
were found either when the Beauville bundle is a vector bundle over 
one of the following (compact) Hermitian symmetric spaces 

SUjG) Sp{3) SQ(12) E, 

S{U,x U,)' Im' U{6) ' E,U{1) 

or in the special case G = S0{7). To summarize, 

Theorem 4.14. Suppose G is a compact simple Lie group and O is a 
nilpotent orbit in g^ of cohomogeneity three. Then O, endowed with the 
Kirillov-Kostant-Souriau complex symplectic form S, admits a unique 
G-invariant hyperKahler metric with G-invariant hyperKahler poten- 
tial. In fact, the metric is the unique G-invariant hyperKahler metric 
of {O, S) with a Kahler potential unless q is one ofsp{3), su(6), 50 (12), 
C.J, so (7), in which case the metric lies in a one-parameter family of hy- 
perKahler metrics with Kahler potential. 

The unique hyperKahler potential is given by ()4.15p for the generic 
cohomogeneity-three orbits, and by 1)4.29^ for the special orbit. 



Proof. The only thing left to consider is the issue of the G-invariant 
hyperKahler potential. First, consider the generic cohomogeneity-three 
orbits. By Swann ^Hl it is known that any hyperKahler metric on O 
admits a hyperKahler potential. Consequently, when the G-invariant 
Kahler potential p is unique (c = 0) there is nothing to prove. Consider 
now the cases where O admits a one-parameter family of G-invariant 
Kahler potentials. Now any X G C lies in a real s[(2, C) subalgebra, 
so if p is a hyperKahler potential it must restrict to a hyperKahler 
potential of the regular orbit O^^g of 5[(2, C) . But the hyperKahler 
metric on O^^^ is a product of three hyperKahler metrics on the minimal 



COHOMOGENEITY-THREE HYPERKAHLER METRICS 33 

orbit of s[(2, C), and on each factor the hyperKahler potential is unique 
(c = 0), see Remark 14.61 At last, for the special cohomogeneity three 
orbit we showed that the hyperKahler potential is given by (j4.28|] . D 
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